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In 1989 F. Schipp and W. R. Wade (Appl. Anal. 34, 203-218) proved for func-
tions in L(I?)log* L(I*) (I* is the unit square) that the dyadic difference of the
dyadic integral d,(If) converges to f a.e. in the Pringsheim sense (that is,
min(n,, n,) = o, n= (n;, n,) € P?). We prove that this result cannot be sharpened.
Namely, we prove that for all measurable functions ¢: [0, +00) — [0, +00),

m,_, 0(1)=0 we have a function f e Llog* L3(L) such as d,(If) does not
converge to f a.e. (in the Pringsheim sense).  © 2002 Elsevier Science (USA)

In the classical case for the unit square I%:=[0, 1) x [0, 1), if g belongs
to Llog* L(I?) then

g(x,y)= hm Ll j e g(s, t) ds dt

a.e. on I? (see Jessen et al. [JMZ]). The dyadic analogue of this is proved
by Schipp and Wade [SW].

In this paper we give the dyadic analogue of Saks [Sak]; i.e., we
prove for all ¢:[0, +00) —» [0, +00) measurable function with property
lim, , , 6(z) =0 the existence of a function feLlog*Lo(L) (ie.,
|£ ()| log*(|f (X)) 6(Lf(x)]) € L'(I?)) such as the integral of f on I with
respect to both variable is equal to zero and d, ,,({f) does not converge
to f a.e. as min(n,, n,) — oo.
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Let N denote the set of positive integers, P := N u {0}, and 7 :=[0, 1).
For any set E let E? the cartesian product E x E. Thus P? is the set of
integral lattice points in the first quadrant and I? is the unit square. Let
E'=F and fix j =1 or 2. Denote the j -dimensional Lebesgue measure (1)
of any set E = I’/ by u(E). Denote the L?(I’) norm of any function f by
11, (1< p < oo). |

Denote the dyadic expansion of neP and xel by n=3 7, n;2’ and
x=2%,x;27"" (in the case of x=k/2"k,me P choose the expansion
which terminates in zeros). n;, x; are the ith coordinates of n, x, respec-
tively. Set e, :=1/2"*' e I, the ith coordinate of e, is 1, the rest are zeros
(i € P). Define the dyadic addition + as

x+y=) |x;—yl277L
Jj=0

The sets I,(x) :={y €l :yy=2Xg, .0, Yoy =X,_1} for xeI , I,:=1,(0) for
neN and [(x) :=1 are the dyadic intervals of I. The set of the dyadic
intervals on I is denoted by .# := {I,(x): x € I, n € P}. Denote by </, the ¢
algebra generated by the sets I,(x) (x e I) and E, the conditional expecta-
tion operator with respect to .o, (ne€ P) (f € L'(1)).

For t=(¢t',t) eI? b= (b,,b,) e P* set the two-dimensional dyadic
rectangle, i.e., two-dimensional dyadic interval

I;(2) :=1, (t") x I, (¢?).

We also use the notation I2(¢) :=I,(t') x I,(¢?) for be P, t = (¢!, t*). For
n=(n,, n,) € P> denote by E,=E, ,, the two-dimensional expectation
operator with respect to the o algebra </, = .o/, ,, generated by the two-
dimensional rectangles I, (x') x I, (x*) (x = (x', x*) € I*). For n e P denote
by |n| the greatest integer for which 2" is not greater than n. That is,
2 < n < 2M*+! The Rademacher functions on I are defined as

ru(x) :=(=1)* (xel,neP).

The Walsh—Paley system (on /) is defined as the set of the Walsh—Paley
functions:

w,(x) := ,ﬁo (r (X)) = (=) Zomw  (xe I, neP).

That is, o := (®,, n € P). (For details see Fine [F].) For each function f
on [ set

n—1

(@, ) @) :=3 27 (f()—f(t+e)

j=0
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for tel,ne N. Then f is said to be dyadically differentiable at a point
telif (d, f)(t) converges, as n — oo, to some finite number, f(z) [BW].
Butzer and Wagner [ BW] showed that every Walsh function dyadically
differentiable with w{'1(¢) = ke, (¢) for all t € I and k € P.

Let e; :=(e;, 0), e; :=(0, ¢;,) € I’. For functions of two variables the
dyadic difference operator

d,f)(x):= Y 272 f(x)— f(x+ej)—f(x+e},)+ f(x+ej +e,))

Ji<m
J2<n
(n=(n,,n,) e N?) is defined by Schipp and Wade [SW]. The function
f: I* > R s said to be dyadically differentiable at a point x € I*if (d, f)(x)
converges, as min(n,, n,) — o0, to some finite number, f1(x) [SW]. Schipp
and Wade proved for o, = w;, X o, that o{"! = k;k,w, (k= (ky, k,) € P?).
Let W be the function on I whose Walsh—Fourier coefficients satisfy

0 if k=0

W(k)={1/k if keN.

The dyadic integral of f:I—>C , feL' is defined to be If:=f W
[SWS], where * represents dyadic convolution, i.e.,

If@0) =] ft+s)W(s)du(s)  (1€D).

Schipp [Sch] obtained the differentiation theorem, the following funda-
mental theorem of dyadic calculus: if /' € L', f(0) =0 then (If)" = f a..
on /. Butzer and Engels defined [ BE] the two-dimensional dyadic integral
of feL'(I*) by If = f (W xW) where % denotes the two-dimensional
dyadic convolution. Schipp and Wade [ SW] proved that if f € L log* L(I?)
and f(n,, n,) =0 for n,n, = 0 then

dIf)-f as min{n;,n,} > o

a.e. on I>. We prove that this result cannot be sharpened. Namely, we
prove

THEOREM 1. For all measurable function 0:[0, +00)— [0, +00),
lim,_, , () = 0 we have a function f € L log™ Lo(L) (this means that

Lz | () log™ (1 £ (x)]) 6(f(x)) du(x) < c0)
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with the property
f(”bnz):() (mn, =0, neP?)

such as d,(If) does not converge to f a.e. (in the Pringsheim sense). More-
over, sup,.p2 |d,(If)| = +0 almost everywhere on I*.

In order to prove Theorem 1 we need several lemmas. It is easy to have
[SW]

d,f)()= Lz fOLYYd Wi -y d, W —y?) du(y', y?)
(=L tHel*, neP?,

where

2" -1

LW =D =143 () 3, T

+

=: Dy(x)—14+V,(x).

It is also easy to see that

he = 3 220 (S s0)27- 3 0s) 3 000 ()
=:Zn(x)_Un(x)

for x € I and n € P. The first lemma to be proved

LeMMA 2. Let3<nePand0+#xel,, ;. Then

¢ @r(x) 1
g‘ i 2
d,W(x)=2""
Proof of Lemma 2.
w 2"-1 1
U,
A

1 2"—1 © on
< < N2
lzl 124;1 z = 312
2
T
=2"—.
18
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Let u:=2"x (mod 1), that is, () = x,, u; = x,,, ...). Since 0 # u € I, then

there exists a unique 3 <z e P for which ue I,\1,,,. The Dirichlet kernel
[SWS]is

D,(1) = o,(1) <; e j,2,>

and consequently, |D;(u)| < 2'. By Abel’s transform,

i+1

& 1 1
=3 01 (-17)

2'—1 1
= ] D, -1
i; li(i+1)+,§‘2r( 41() )i(i+1)
2'—1 2'—1 1 2641
2'+1 -
; i(i+1) = ),;2 (+1) Zi+l 2
>1+1+ +1_1_1>1
23 8 2372
On the other hand
27—1 2n 2n_1
Y sw(x) = ( )
s=0 2
This gives
12"—1 72
>2"—1+42 2 ogn Z on
d,w(x) + 272 13

=2"(1+1/4—7*/18)—-5/4>2"7/10-5/4 > 2! (n=3).
This completes the proof of Lemma 2. ||

Define a subset of the set of the two-dimensional intervals .# x .#,

na(x) _{ n+](x1)x n+a— ](xz) .]_0 1 }

for x e I*, a, n e P. It is easy to have

() £ a(X) = L a(x) X I, o (x?), ﬂ<ﬂ {fn’a(x)>=2—2n—2a,

F € 4, ,(x) implies u(F) =27~ Next we prove
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Lemma 3. u(U 5, (%) =(1+a/2)27"

Proof. Denote (for the sake of this proof, only)

k
M = U < U (In+j(x1) XIn+a—j(x2))>
j=0
fork=0,1,...,a. Then y, = 27%"~* and for k > 0 we have
M = ey + (L1 (1) X Ty (X))

—n ( U ey X Do (520) 0 () % In+ak(x2)))
1 k—1
= M1 F oz H < L_)O (L x(x") % In+a_j(x2))>

1
= M1 +ZT+a—,u(In+k(xl) XLy gey1(x%))

1 1 1

= et 5mra ™ 5mrari = M1 T omra
This gives

1(U209) =00 Gaos) XD 6 ) =

1 1 1 1+a/2

=l t+a D2n+a+l = D2n+a a D2n+a+l = Q2nta

This completes the proof of Lemma 3. ||

Let b€ P?, by =2, a € P, and define the sets J} ,, 2} , recursively:
oo =1{0,3,3 3 x{0,%, 3,3}

@.i= U U
xeJp 4

Suppose that the sets J} ,, 2}, are defined for j < k. Then decompose
k—1 )
r’\ Y .
j=0

as the disjoint union of dyadic squares of the form I; (x). Take from each
dyadic rectangle an element to represent so that the coordinates of which
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with indices greater than b, —1 are equal to zero. The set of x’s corre-
sponding to these squares is J} ,. That is,

k—1
MU Q.= U B
j=0

J

1 1 2 2
(xbk =Xpt1= " = 0, Xp =Xpp1= " = 0). Then, set

@, i= U UA.t.
xeJp 4
Let b, >4(b,_,+a+1) (ke N). Then sequence b satisfies the equality
b, = b,_,+a (the two-dimensional dyadic rectangle with the smallest
measure in 7}, , for j <k is of the form I, , ,(x") x1,,_, ,(x*).
This gives the a.e. equality

o0 o0

r-(at.-0 y

k=0 k=0 xeJf,

U Fh.a(0).

Let 10 < d € N be an absolute constant and let a > 4d. Set

0

Gb,a,O::GO:: U U

k=0 xel},

o0
U eﬁ(?;k+d+3,a—2d(x) =: U 'Q]bcﬂ
k=

0

It is not difficult to prove that

_ (U Iy, +a+3,a-24(0))

G,) =
O ="V a0
_(I+(a—2d)/2) 27 % ] . d _\_1
 (14a/2)27%He 26 14+a/2)” 27
Set for y € I
fona(p)i= (<1020 Y (=1 het 1 (),

k=0 xeJ,

where 1; denotes the characteristic function of any set B < I>.

LEMMA 4. For all b, a we have {2 |f, ,| log" | f .| <2.
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Proof.

Lz 5.« (D 10g™(|f3, o (2D du(y)

=210g2) Y, Y w(lg (=D

=2"log(2“)kz Zk ,u<ﬂ fik,a(x)>
E o (U SO

=2log(2 )kgo erJ‘ﬁu i taj2)
log(2%)

STt

The proof of Lemma 4 is complete. ||

Since

[, foul3' 7 du(y) = [ fona(¥' 7 din(y®) =0,

then for all n=(n,, n,) € P n;n, =0 we have fb’a(n) = 0. Consequently,
for all t € I” and n € P? we have

d,(1f5,.)(0) = Lz fo.a(P) d W (@t =y 4, W({*—y?) du(y)

Lz S eV (Do +V,))(t' =y (D +V,,)(£2 = y?)) dp( y)

=:T, f5,.(1).

The following lemma is the very base of the proof of Theorem 1. In the
sequel we prove some lemmas which will be necessary in order to prove this
basic lemma. The procedure consists of three main steps which will be
indicated as cases k > k, k <k, and k = k.

LeMMA 5. Let t € G,. Then there exists an n € P* (the exact form of n
see below) for which

IT, f5,.(D1 = 27"

Let ¢ € G,. Then there exists a unique k € P, x € J} , for which

te U ‘fbk+d+3,a—2d(x)'
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Hence also exists a j € {d,d+1, ..., a—d} such that
1 2
L€ 1 34 (x7) X Ty 4340 j(X°).

Let n=(n,n,)=(b.+j, by+a—j). For yeI,z,Ha(x) we have t—ye

L, ,3x1, 5. By Lemma 2 it follows
o o) T TG A (=) du)
b X

o) d, W' —yY)d, W (*—y?) du(y)|

=L

1,2, 1 2
= Lg “ 2a(_1)YO+y0+J’bk—l+J’bk—1 dnl W(tl—yl) dnzW(tz_yz) d,u(y)‘
kta

2
by t+a x

=

'[2 2a2n1+n22du(y)‘
L)

—2by — - 1
=2 2by —2a+a+n;+ny 221'

In order to prove Lemma 5 we give an upper bound for the integral

Soa(¥)d, W' =y d, W —y?) du(y)

J‘IZ\Iisz (€]

fortel, 5, ;(x") X1, 13,4 ;(x%), where je {d,d+1,...,a—d}.

LEMMA 6. The case k < k. We prove

[ 10D (=) +V,, (=)

Vik<kfpa

X (D (= y*) +V,,(1>—y*) du(y) = 0.

Proof. Let ye Qf’a for some k < k. Then there exists a unique % € J f’a
for which y € I%,;H(f) (otherwise f; ,(y) =0). Then for any i; e N

[, o Toa) @ (0 =y (")

+a(®)

= 2, o =
— (_l)x(l,+x0+x,l,k,l+x§k,1 2a J; (~1) 60,-12"1(11 _yl) d,u(yl) — 0
by +alX
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since by +a < by, < b, <n,. Thus,

)

o Jo.dD Vo (' =y du(y") = 0.

Similarly,

o S5,V Vo, (2= y*) du(y*) =0.

)

Since y € I}, (%) and t €I} (x), then r—y ¢ I; and consequently, either
t'—y' ¢1, ort?—y*¢1, . That is, we have

Dy (t'—y") - Dy (*—y*) = 0.

This and the above implies

L% DD (@ =yH 4V, ' = yh)

X (Dyn (12— y*) +V,,(*— y*) du(y) = 0.

That is, we have

jw ¢ SoaDy(t' =y +V, (t'=y")

X (Dyn (12— y*) +V,,(*— y*) du(y) = 0.

This completes the proof of Lemma 6. ||

LemMA 7. The case k >k,

GRS DR AGES D)

Vik>kpa

X (Dyn(* = y?) 4V, (1= y?)) du(y) | < 27°.

Proof. Letk>k, %¢ J’,ia. Then

X= (fl’ £2)’ (‘fl_l_eb;;—la x~2)’ (il’ iZ-i_eb;;—l)a (£1+eb1;—19 f2+eb/;—l) € J]l:,a'
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Since n = (b, +j, by +a—j) < (by+a, b, +a) < (bg—1, by — 1) then denoting
(X+ee, 1) =(X"+ee,_1, X460, _,) as e, & =0, 1 we have

26E~m =2 My

fb,a(y)<D2"1(t1_ DEDY y M)

J‘Z ~ m
e1,8=0,1 Ib,;+a(x+3eb,;—l) =1 s=0 112 +s

X (D (2= y*) +V,, (1> = y*) dpu( y)
= (_1)’?(1)+f(2)+3117k-1+f§k—1 24 Z (_1)81+822a

e1,8=0,1
26E~m =2 My 1 =l
~1 112"1+s(t —X )S
o ( t -X)+ —
< 12—:1 JZO 12" +s

<[, (D= y) V(= D) du(y) =0,
Ib,;+a (x+seb,;—l)

because
Y (=D (D2 = y) 4V, (2= %) du(y) = 0
e1,6=0,1 Ib +a (Fteepz—1)

for both &, =0 and ¢, =1 since Dy (>—p*)+V, (1*— y*) does not depend
on g;. Similarly,

Jo,a(DDo (' =y +V,, (' = yh)

[,
e1,6=0,1 “Ioz+a (F+eep—1)

266" =2 gm_ 2 2
ip2"2 s(t - )S
(Dz"z(’ 4 Yy et gy =o.

ip=1 s=0 l22n2+s
On the other hand,
0 2" —1 1 1
Wy m (=Y )S)
‘[I;Ha %) fb a(y)<z —zgl ny+a SZO 012" +s
X (Dy (2= y*) +V,, (£ =) du(y)

1,2, 21 2 © 21
= (_1)’?0+fo+fbk—1+fbk—1 24 Z
i =2bk—m+a s=0 [ 2" +s

o,(t'—=%) s

x Lz , @i (' =y D)D (=) +V,, (2= %) dp(y") du(y*) =0,

bj+a X
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because

o @ (' =y") du(y') =0
i+alX

)

for i, > 2% ™4 Similarly, we have

[ faa@an (' =y +V,, (2 =y")

Ib,;+a X,

" zglwizzn“s(zZ—yZ)s) i) -0,

—m
iy 2lE-mta 5=0 122 +s

Consequently, in the case of k > k,

OIS W O MRS DR A

>k 2p,a

X (Dy (= y*) +V,, (12— y?)) du(y)

o0
Sl 2 o 22
— z z 2a(_1)x0+x0+xbk_1+xbk_1
k=k+1 iel’,;a
ZbE_"1+" 2M 1

X wi12"1+s(t1_y1)S:|

1?,;”()?)[. bE-m=2  s=0 2"+

=

2b,;—n2+a 21 2 2
e U R
X —==— -~ |4 .
[ 2 2z 2™+ Hy)

i =2b,;—n2—2 s=0
Let n,i € N. Then

22—11 SZ - on
x . X7
= 124n 12

e I R

i2"4+s 2"

s=0

It is easy to have 3/, - < 1/I. By Abel’s transform it follows
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Since [IX;_; @prlh = D11 (2" ) = Dy(2" )|l <logy(L+ 1) +log, (1) < 4 log(L)
(forL>=1) and

2"+ log(L)/1

L L 721
Z 12 < Z a)ss2_"> <
= 1

s=0

then for the absolute value of (1) we get the following upper bound (apply
that b; > 4b, +4a+4 for k> k)

bg—ny+a ny_
2 Z Zzl wi12"1+s(tl_yl)s
bk+u(x) i12"'+s

i = Zbk n-2 s=0

p ES

=k+1 er I

du(y)

zbk ny+a M1 2
x z wi22"2+s(t -) ) s
i,2" 4§

=2bEm=2 5=0

2171;7”1*" M1

Wyom st =) s
2"+

<y 2

2
k=k+1 I

ilzzb,;—nl—Z s=0
bi—
S N Gt L

2" +s A7)

X

fy =M M2 5=0

» 2a[ 2" +2nl+zlog(2”f-"l+“>}

5 2b;;—n1—2 2b;;—n1—2

| gt 220 log<2”ﬁ-"2+“>]

2b;;—n2—2 2b;;—n2—2

<

o . 2bk+a . alog(szE)
E=zk:+1 2 [2bl€—bk—a+2 " 2bzz—bk—“]

SESa )

zbl;_bk_a 2b;;—bk—a

1 by
< z 2 |:2bk/2 2bk+ 23bk/4:|

k=k+1

a b~ -5
<3 g <>

(recall that sequence b is strictly monotone increasing, and b, >
4(by+a+1) > 172). This completes the proof of Lemma 7. ||

Next, we discuss the case k= k. Let x € J 5. and

te Ibk+3+j(x1) X Ibk+3+a—j(x2)s
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where je {d,d+1, ...,a—d} and let n; :=2%", Set

Qb= LG

xeJy,

LemmaA 8. We prove

< 130.

oMU, (-

inj!, \Ij, 4aCx')

Proof. In order to save space denote n, by simply n—only in the proof
of this lemma (note that in the paper n = (n,, n,) € P? generally).

n_
o0

1
U9 = ¥, o) Z s (x)< - )

i2"+s

_i W (x) 25" 5%0,(x)
A 2t & i2'+s

For s=s,+52"+ - +s5,.2""  let [l:=1—s5,+(1—s)2"+ -+
(1—s, ) 2" . Thatis, s+ =2"—1.

_ .5 Sp—1 — 1—s9 1—s,-1 __
Wyr 1 =W =Ty ...F "1 =Folrg 7 ooby ¥y 17 =Tl 100 = Wyr_1 Q.

Then

2" -1 SZCOs 2"-1 (2n_ 1 _1)2 Wy

)

Si2nts A ((+1)2"—1-1

2"—1

_ n n__ 2 wl
=0ra <(2 D* X G2 —io

2"~ 2"—-1

., lw, o,
00 Y STt S, G

Denote by 1 the uth dyadic derivative of the function f (ue P, f19:= f),

1

2”21 @ _2”*160 (i+1)2"—1

So G+ 2 —1-1 5 l
(i+1)2"—1

2"—1

_Z (+1)2" 2[(z+1)12"—1]u
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1 © 1 u2"—1
== lu
(i+1)2"—1u§0[(i+1)2"—1] 2, e

T G+D2"—-1 5 | G+D2"—1 ] T

In a similar way we also have

I
2! lo, 2! (i+1)2"—1
Y s Z —
& G+1)2 i
(i+1)2'—1
2"—1 l u
= 2 @i Z [(z+1)2"—1]
- 1 4
‘El[(m)z”—l] b
and
2"—1 lZa)l 0 1 u
T (+1)2—1 | pm
2 Ginar—1-= U+D )uzz[(i+1)2”—1] 2
That is,

2"-1 2 2" _1)2 © 1
Z .S 2 =Wy ( ) D[Z]
&2 ts G+D2—1 5 G+ 2=
1 u
-2(2"—1 — | p“
( )Z [ (i+1)2"— ] 2

l u
+((i+1)2"=1) 2 [W] DQ‘?)

@-1 27 —1) 22"—1)
<(i+1)2"—1 ”+<((z‘+1)2"—1)2_(i+1)2"—1>

@-n* . . .
+<m+(l+l) 2"—1-2(2 —1))

-~ 1 ¢
X,,;[(iﬂ)z"—l] Dz )

We integrate f, ,(y) on
U Ibk+a(‘§1)

fibe

R
® S

J
#

15

[11
o
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because Qp\1, (x") =, et I, (") but if y'el, (x")\1, . (x") then

X#x

fra(y)=0foralxelJ;,.
t'eI(x" (remark that in this proof (only, not elsewhere) n, = n) which

gives D,(t'—y") = 0. Discuss D[”] By induction we have

n—1 n—1
DEZ](Z)= Z z DSt sy~ z (_1)51+»~+e
51=0 5,=0 1, ..., 8, €{0,1}

X Dy(z+ee, + --- +e.e,)
= Y 27 Y (=D Dy(z+ee).

se{0,1,..,n—1}" ee{0,1}"

For a given s€{0,1,...,n—1}" and e¢€ {0, 1}“ there exists at most one
%'el for which there exists an X=(%,%)eJ;, for which
t'—x'+c¢e, € I, , that is, for this s and ¢ we have

J,, o MoaN D! = X' +ze) dp(y')

= |f5,a(¥)| Dyr(t' — X' +ee,) du(y') < 29272702 =2,

Ty +a(%)

Consequently,

Joa(P) U, (' —

J“Qb a \Ibk+a(x )

o0
<X

(2"—1)> 202" 1)
><[(((i+1) 2—1)% (i+1) 2"—1>

n—1
X Y, (Dy(t'=y)—Dy(t'—y'+e,)) 2°"
s=0

Fioal )szn_l(ﬂ—yl)

Jﬂb Ve

@'-1) . . .
+<m+(1+1)2 —1-2(2 —1))

i 1

[u]
* 3 e gy PR [duen|



DYADIC DIFFERENCE OF DYADIC INTEGRALS 17

0 n—1
S Z Z |: k, 1 1 |fb»‘1(y)|Dzn(tl_y1+es1)dﬂ(yl):|
i=1 s51=0 LY2 0\ +a(x)
2@y 202"~ 1)

2" \(G+1)2"=1)* (i+1)2"—1

00 0 1 (2n_1)2
+3 % o

i=1 u=2

m+(i+l) 2"+1+2(2"—1)>

1

X - 2s~1—u
(G+1)2"=1)" se {0, 1,2.,;;—1}“ ee {0, 1}"

o oo Dyt =yl +ee,) du(yh) =: (3.1)+(3.2).

%[0
Qp o\ Iy +a(x)

If there is no s; (or s, in the case of (3.1)) for which s; < b, then ¢' € I, (x"),
y'el, (') (' #x') implies ¢'—y'¢1I,, and consequently, ¢'—y'+ee,
¢ I, . Which gives D, (t'—y'+ee,) =0. That is, if we take account the
addends in (3.1) and (3.2) which differ from zero, we have to suppose that
thereis ani e {1, ..., u} for which s, < b,. Since

br—1 n—1 n—1
Z Z .. Z Z s 1-u < zbkz(u—l)n’
51=0 5,=0 s =0 eef0,1}"

then

2s-1—u < uzbk+(u—1)n‘
{se{0,1,...,n—1}":35; <b} ee{0,1}"

This gives a bound for (3.1) as

| (2"—1)> 2(2"—1) 1 n?
— 2 2
2 i2”<((i+1)2”—1)2+(i+1)2”—1 2bira 2

i=1

For (3.2) we get the following upper bound

X o

i=1 u=2

00 o] 1 (2"—1)2 ) . .
<—(i+1)2”—1+(l+1)2 +1+2(2 —1)>

1 1

2bk+(u—1)n apn
X((l+1) 2n_1)uu 2bk+a

a2 ( (2"—1)?

=1 i2"

o0 2"“
m+(i+l) 2"+1+2(2"—1)> gz m
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Let x:=2"/((i+1)2"—1)=1/(i+1—1/2")y <1 (i > 1). Then

o0

y 1 had Y X
LY T LT
Since n > 2 then

& w X _ 1 1
= —m‘x‘x<m‘ >

u=2
1

2 -
, 2-x _ , 1+1-1/2

TSR 1 I
< _1+1—1/2>

Since x? < 1/i? then for (3.2) we have the following upper bound

© 1 (2n_1)2
e

i=11

S = 12x2

+(i+1)2”+1+2(2”—1)>
® 1
<12y i—3((1—1/2")2+i+1+1+2)< 1272
i=1
That is,

T (=Y du(y‘)‘ <1322< 130.
)

_[ k1
Qo \ Iy +a(x

This completes the proof of Lemma 8. ||

Let xeJy, and te 1, 5, ;(x") X1, 5., ;(x?) again, where je {d,d+1, ...,
a—d} and let n; := 2%/, Recall that

obl= ) LG,

xeJp 4

LemMA 9. We prove

a—j m_q

@ =YD S =y du(vh| < (a— .

sOyn
=1 2" 5=0

e

2 o\ +a(x")

Proof. For z e I we have

2" —1 2" —1

Y swz)= ) 2°Y(Dm(z)—Dy(z+e,)).

s=0 s=0



DYADIC DIFFERENCE OF DYADIC INTEGRALS 19

t'el, (x"), y' e Ibk(xl) for some feJj ,, X' #x' (otherwise f,,(y)=0),
consequently t'—y ¢Ib which gives Dy, (' —y') =0. We also have that
D, (t'—y'+e,) can be different from zero only in the case when s < b, and
for all s<b, there exists at most one %'eI for which there exists an
= (%', %*) e}, for which t'—y'+e, € I, (X"). If the function f,, is not
the constant zero function on the set I, (X') then it differs from zero on
I, (") = I, (%"). That is,

e )2 (’— Y s (' = ") du(y")

J k, 1
@\l +a(x)) =

b—1 207

1
<$ 7Y 12 <),

With the same conditions as in Lemma 8 and 9 we prove

CoROLLARY 10.

i oo Fna DD =)V, =3") ()
b,a \Mbp+alX

< 131(a—)).

Proof. Dy (t'—y')=0for y' e, (%), X' # x'. Lemmas 8 and 9 with
f Lot =y) du(y) =0
Ibk+a(x )
(for i = 2°77) complete the proof of Corollary 10. |
Set

‘QII:ZZ * U Ibk (xz)

xe.l,,a
Recall that n = (n;, n,) = (b, +j, by +a—j) e P2

COROLLARY 11.

s Fra ()

JU{ng(f):feJ;a,il;éx 2 £ x7)

X (D (t' =y ) +V,, (1" = yH)) X (D (12— y?) +V,, (1> — ¥*)) dp( p)

<(131a)2_
2a



20 G. GAT

LEMMA 12.

[, Foa DD =y +V,, (1= 3")
br+a (X
X (Dya(t' =y +V,,(t' = y") du(y)
o VTR €5 P GES R R A GRS D)
(95 Mo +a(xD]x Ty, 1ol

X (D (t'—y" ) +V,, (1" —y")) du(y)

J5,a(P) Dy (t' =y 4V, (' = yh)

_Jlbkw(xl)xmi:i \Iy, +a(x)]
X (Dya(t' =y +V,,(t' = y") du(y)
=273

Proof. We give a lower bound for

O L I AN 6L GRS DR A GRS D)

by ta x.

X (D (t' =y +V,, (1" —y") du(y)

s oD (' =y +V,, (' = y")

j (25 4 \ by +a(x)Ix Ty 1a(x)

X (Dya(t' =y +V,,(t' = ") du(y) |.

Since for t* € I, ,5(x?), y* € I, , ,(x?) then *—y*€ I, ,,. This by Lemma 2
gives

(Dya(t' =y +V,, (¢ =y =271,

That is, (4) is not less than

1
H o Soa(D Dy (2 =y +V, (2 = yh) du(y")
200 vatxh

1
DD (1 =) 4V, (1 =) dp(y) | 277 S

Lz’zf;i \Ij, 1)
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1 1 2 1 2
> |Z 2a+n1(_1)x0 +xp+xp, 1 +Xp, 1 2—bk—a

1 207 ,"‘l(tl_yl) 2" -1
Sl ey S 0y dur)
2 Ib +aX) i=1 2

s=0

Foa(®) z (’— T st —y") du(y")

L?b o\, +a(x) =

s o Fra (DU =y duly) |27
‘Qb:a\lkara(x )

For y'el, . (x') we have 327" s (¢t'—y') =2"(2"—1)/2. For y'e
Qp i\, ,.(x") we have

2" _1 n—1
Y so(t' =y ==3 27'Dm(t'—y' +e,).
s=0 s=0

As earlier, D, (t' — y'+e,) can be different from zero only in the case when

s < b, and for a given s there exists at most one %' e I for which there exists

a¥=(x", %) e}, & #x'for which Dy (t'—y'+e,) #0 (»' € I, (£)). If

¥ erkM(xl) for some XeJj, then y, =--- =y, ., , =0 which gives
W (' =y =wpn (2 (=1, ...,2°77—1). That is,

(5) |
1 2¢-J_1 a)-znl(tl—yl 2™ _q
— t— tl— 1 d 1
PRIAWED J5.a(9) ,-; i2m SZO so,(t" =y du(y’)
2971 2" _1
on (' ="
_L) N )fba(y) Z 21— Y so,(t' —y") du(y")
ba bk+ax =0
2oy t 1 m(pm
=L wiz—()<§f, Ly 2Dy ‘gd( D)
i=1 by +alX
bp—1
+2 2HL ey SN D (2= te) du(y1)>.
s=0 by +a(* +es

By Lemma 2 or more exactly, by the method with which we proved Lemma
2 we have the following lower bound for the absolute value of (5)

11 /127@"—1) _, 22"\ _ .,
22"1<4 P L
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The sign of (5) is (—1)"(1)+"3+";k—1+"§k—1. Consequently,

@) > [;2f+2f4—;—

 Jo.d(9) Un, (' =y" du(y")

|-

(In the last inequality we used Lemma 8 and j>d > 10.) Applying the
above written in the proof of this lemma for the other coordinate (consi-
dering that the signs of the two terms—the absolute value of the first one is
(4)—are the same) we complete the proof. ||

j k1
2 o \ I +alx

> (271 —130) 27" > 1.

At last with the help of Corollary 11 and Lemmas 12, 6, and 7 the proof
of Lemma 5 is complete. [

Next we turn our attention to the construction of the counterexample
function. Define §,, a,, J, € PP in the following way f, = a, = d, := 5d. For
neN let

:Bn >:Z::0 ﬂkzak
o, :=[sup{te R: 5(t)>2nLﬁn}}+l
(f {z:6(r) > 1/(2"B,)} = &, then d, := 5d)

2% >4,,28,,2", Y Ba < o0.

n=0 an
Define the function F: I x I?> > R as
F(”ﬁ x) = Z rn(u) ﬁnfn(x) = Z rn(u) ﬂnfb,an(x)'

n=0 n=0

Note that in the definition of f} , (x), b, :=2 and b, >4(b,_, +a,+1) for
all ke N.
At first we prove

Lemma 13. j,z |[F(u, x)| log*(|F(u, x)|) 6(|F(u, x)|) du(x) < 16.

Proof. Set

Hn:={XEIZ:fn(x)7é0’fn+j(x)=0(jeN)} (ne[P’)
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and H_, :={xeI’: f;(x) =0 (j e P)}. The definiton of f; , , (a,) gives

wixel’: f,.,(x)=0(jeN)})
_:”<kU {XEIZ:fk(x)?éO})?l—kz u({xel*: fi(x)#0})

1
21— ) —
kgn 2%(ay /2 + 1) k>n

1
_k

This follows y__, {xeI*: f,,;(x) =0(jeN)} =1 (neglecting a set of
measure zero). Thus, (J__, H, =1I" (neglecting a set of measure zero).
Corresponding to this argument if x € H, (n € [P) then

n—1
|F(u9 x)| S Z ﬂkzak+ﬂn2an
k=0
S ﬂn +ﬂn2an S zﬁnzan = |ﬂn2fb, ay (x)la
n—1
|F(u, x)| = B,2% = Y. Bi2*
k=0

= ﬂnzan _ﬁn = % ﬂnzan
3B S0, ()]

Moreover, for x € H, we have |F(u, x)| >3 8,2% > 2% > §,, which gives

Consequently, by Lemma 4

JH |F(u, x)| log ™ (|1F (, x)]) 6(|F (u, x)|) dp(x)

<j2WJ@mmbyaﬁm%um 77

<J 2180 f5,4, ()N 10g™ (| f3, 4, (X)] 2ﬂ

< [ o G108, () i) < 3.
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Since for x € H_; we have F(u, x) =0, then we get
LZ |F(u, x)| log™(|F(u, x)]) (|F (u, x)|) du(x)

<Y LI |F(u, x)| log™ (|1F (u, X)|) 6(|F (u, x)|) dpu(x) < 16.

neP

The following lemma can be found in the paper of Stein [Ste] or in the
book of Zygmund [Z, p. 213, I].

LemMMmA 14. Let E = I be a measurable set with positive measure. Then
there exists an N € P and a constant A € R so that

1
< ) Iyn|2>2 < Aess sup, g |F(u)]
n=N

for all

Y lmlP<oo,  F@) =Y pr.(w)
n=0 n=0

Rademacher series.
Now, we are ready to prove Theorem 1.

Proof of Theorem 1. Suppose on the contrary that there exists a mea-
surable function é: [0, +00) — [0, +00), lim,_, ., 6(z) = 0 such as that for all
functions f € L log* LJ(L) with the property

J;(”nnz):o (”1n2=0,n€[pz)

sup,.p2 |d,(If)| < 4+00 on a positive measure subset of 72 Consequently,
we have

sup |T,F(u, x))| < +o0
2

nelP

on a positive measure subset of I* with respect to each ue I. Let me P~
Since T,, is a linear operator then for allue I, xe I*>, and K € P

K

T, ( 3 1@ fuf ) @)=Y 1) BT fr.0 ().

n= n=0
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The operator 7,, is of type (1, 1) (see, e.g., [SW]) which gives

Zo ”ﬁn(Tmfb,an)lll < C Z() ”ﬁnfb,anlll

© © 1
<CY B2%u(f,., #0)=CY B0 ——
ngo ﬁ 'u(fb’ " ) ngo ﬁ 2an(an /2+ 1)
<C ) &<oo.
n=0 Ay

That is,

Z() |ﬁn(Tmfb,a,,)|2 < Zo |ﬁn(Tmfb,an)| <

a.e. This implies that the function

o0

g(u’ x) = Z rn(u) )Bn(Tmfb,a,,)(x)

n=0

exists and is finite for all € I and a.e. x. That is, for all K € P

TmF(u’ )_ Z rn(u) ﬁn(Tmfb,an)(') Hl

n=0

<

n(f () B S )= Y. mmmnﬁmuw

n=K+1 n=K+1

<C ¥ AlhOh<c 3 b

n=K+1 n=K+1 “%n

tends to zero as K tends to infinity. That is,

0 0

TmF(us X) = Tm < ZO rn(u) ﬂnfb,an > (X) = Z rn(u) ﬂn(Tmfb,a,,)(x)

n= n=0

for allme P%, uel, and a.e. x € I% This gives

0

z rn(u) ﬂn(Tm fb,a,, )(x)

n=0

+o00> sup |T,,F(u, x)| =
2

meP



26 G. GAT

for all m € P? on a positive measure subset of I? with respect to each u e I.
Thus, there exists constant 4 >0 such that for a positive measure of
(u,x) e IxI?

sup |7, F(u, x)| < A.

me P?

Denote by this set of pairs (v, x) by E. E,:={uel:(u,x)eE}. For a
positive measure of x € I* we have that the measure of E, is greater than
zero. By Lemma 14 it follows the existence of a constant A, and N, € P
such that for all m € P?

© 1/2
(z 5 |(Tmfb,an)(x)|2> < A, o5 SUpyep, [T)F(u, %) < A, A

n=N,

The construction of G, , . gives that u(lim sup, G,, .)=1. We give a
sketch of the proof of this. Take d, € P such that u(I°\ U, Q',j o) < .
Thus, p(lim sup, Ursq, .Q’g,an) =0. We also have y(lim sup, Q‘;’aﬂ) =0.
That is, it can be supposed that an x € I? is not in U 1<k<d,,~Q’§, o, for only a
finite numbers of n. Define the sequence of natural numbers (#;) in a way
that b, = b,(a, ;) is greater than the greatest index which occurs related the
dyadic rectangles establishing QFf , . (1<k<d,,i<j). By this we have
ﬂ(ﬂz_l U1<k<d (‘Qb a, \Q )) ]._[1—1 ﬂ(U1<k<d (‘Qb a, \Q BIES
(l—i)f This certamly 1mp11es that u(lim inf,(I° \G,, @ )) 0. n e P for
wh1ch xeG,, . and consequently, by Lemma 5 there is an m e P? such
that |T,, f, , )(x)| = 27* Since n > N, can be supposed we have

o 1/2
—“<< > A |(Tmfb,an>(x)|2> <A

for an infinite number of n € P. This is a contradiction. That is, the proof
of Theorem 1 is complete. ||
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